We intend to give an analytic description of the mechanisms involved in the periodic and chaotic wave alternation frequently observed in ring lasers. A set of amplitude equations is derived from the Maxwell-Bloch equations. These equations are studied analytically and numerically. ͓S1063-651X͑99͒03112-8͔
I. INTRODUCTION
Ring lasers exhibit very interesting complex longitudinal dynamical behaviors ͓1-3͔. The difficulty in analyzing these behaviors using simple equations is related to the fact that secondary instabilities occur very close to threshold ͓4͔. In ring lasers, theoretical models predict stable traveling waves close to threshold. Although they are observed in experiments, their range of stability is quite narrow. Periodic and chaotic alternation of right-and left-traveling waves appears to be a more robust dynamical behavior in such a system ͓5-9͔. A good qualitative understanding of the mechanism of alternation was carried out by using Galerkin approximations of the equations of Maxwell-Bloch for the class B lasers ͓10,11͔. In this paper we intend to reduce asymptotically the Maxwell-Bloch equations to a simple set of quadratic amplitude equations. This model allows us to study in detail the mechanism of the transition from traveling waves to alternating waves and the nature of the chaotic behaviors itself. We first reduce the Maxwell-Bloch equations to the amplitude equations. The study of the elementary solutions and their codimension one and ͑two͒ bifurcations are considered in detail. A qualitative comparison with experiments in which the detuning is varied is presented.
II. FROM MAXWELL-BLOCH TO QUADRATIC AMPLITUDE EQUATIONS
The Maxwell-Bloch equations which describe the dynamics of longitudinal modes in ring lasers are given by ͓12͔
‫ץ‬N ‫ץ‬t
where E, P, and N represent, respectively, the suitably normalized linearly polarized electric field, the corresponding polarization, and the population inversion. ,␥ Ќ ,␥ ʈ , are the damping constants, ⌬ the detuning, g a constant which characterizes the atoms, and D 0 the pump parameter. Instability sets in when the pump exceeds a critical value D 0,c
Close enough to the onset, the amplitude equations obtained using the standard asymptotic analysis take the form of two coupled cubic Landau equations. The amplitudes of the right-and left-going waves are defined as
They obey the amplitude equations
where 
The quadratic amplitude equations take the form
where ϭ /␥ ʈ . These amplitude equations possess solutions which are easily identified as follows: ͑i͒ Traveling waves ͑TW͒ which describe the propagation of a pure left-or right-going wave; ͑ii͒ mixed waves ͑MW͒, which are the superposition of rightand left-traveling waves with different amplitudes; ͑iii͒ standing waves ͑SW͒, which correspond to the superposition of right-and left-traveling waves with equal amplitudes; ͑iv͒ periodic alternating waves ͑PAW͒, which represent a timedependent periodic oscillation of the amplitudes of the rightand left-going wave amplitudes; ͑v͒ chaotic alternating waves ͑CAW͒, which represent a time-dependent chaotic oscillation of the amplitudes of the right-and left-going wave amplitudes. TW, MW, and SW solutions have simple analytical expression, while PAW can be only obtained approximately, close to the parameter value where they bifurcate from SW. CAW are computed numerically. Their existence can be deduced from general results of the dynamical systems theory.
Right-going TW solutions are given by
where Rϭ/cos(␣) and a similar expression where A and B are exchanged for the left-going traveling waves. TW solutions are stable for small , since N 0 and N 1 can be adiabatically eliminated in this parameter range. The adiabatic elimination fails close to ␣ϭ/2 because the real part of the reduced equation vanishes. TW lose their stability on a line noted I TW (ϭcot 2 ␣) in Fig. 1 . This bifurcation leads to the appearance of MW solutions.
The study of the other solutions simplifies if one uses the following change of variables which reduces the dimension of the dynamical system from seven to five: A ϵR cos (/2) 
MW solutions are explicitly given by
where
and ϵϪϪ. MW bifurcate from TW on the curve ϭcot 2 ␣ and from SW on the curve I SW (ϭ 3 2 cos 2 ␣). The bifurcation from SW is a pitchfork bifurcation corresponding to the breaking of the parity symmetry (x→Ϫx). The bifurcation changes from supercritical to subcritical at the tricritical point noted by ␣ϭarccos(1/ͱ3) and ϭ ͪ xϩ
where ⑀ϭϪ 3 4 , ϭ␣Ϫ(/4), and The unfolding of this codimension-2 bifurcation contains SW and MW solutions and the PAW solution and their bifurcations. A particularly interesting bifurcation, which further organizes the parameters space occurs when the limit cycle ͑PAW͒ becomes a heteroclinic loop ͓13͔ which connects the MW solutions. Close to the bifurcation, the alternation period diverges logarithmically. The line ϭϪ4␣, where the Andronov heteroclinic bifurcation occurs, can be continued numerically as it is shown in Fig. 1 . For large values of this line coincides asymptotically with the TW-MW transition line. The Jacobian operator evaluated at the MW solution, for parameters values corresponding to the Andronov bifurcation, possesses three real eigenvalues ϩ , 1 , and 2 and a complex one c . These eigenvalues control the topology of the limit cycle and its stability in the neighborhood of the Andronov bifurcation. In the vicinity of the codimension-2 bifurcation, ϩ Ͼ0Ͼ 1 ϾRe( c )Ͼ 2 and ͉ ϩ ͉Ͻ͉ 1 ͉; the PAW solution is stable and connects MW solutions in a monotonous way ͓see Fig. 2͑a͔͒ . Above the point noted S(ϭ0.856, ␣ϭ0.7553) in Fig. 1 one has ϩ Ͼ0ϾRe( c )Ͼ 1 Ͼ 2 and ͉ ϩ ͉Ͻ͉Re( c )͉. In this range of parameters, the limit cycle is stable, but it connects the MW solutions with damped oscillations ͓see Fig. 2͑b͔͒ . Thus the heteroclinic bifurcation appears to be of Shilnikov type in this case. Since the limit cycle is stable, chaotic behaviors are ruled out in the vicinity of the heteroclinic bifurcation ͓14͔ as Fig. 3 shows. Nevertheless, chaotic behavior characterized by the formation of multiple horseshoes can be expected at a finite distance from the heteroclinic bifurcation. These chaotic behaviors are indeed observed numerically ͓cf. Fig.  3͑b͔͒ . Experimentally, under certain conditions periodic doubling route chaos was observed ͓5͔. By increasing the detuning, while fixing the pump parameter, one observes the following scenario: in a very limited range of variation of the detuning one observes stable traveling waves which become unstable and give rise to PAW. If one continues to increase the detuning, one then observes the transition towards CAW. Finally, a too large detuning extinguishes the laser after a regime in which stable standing waves should be observed.
The difficulties in analyzing the Maxwell-Bloch equations using amplitude equations come from the quasireversible nature of the problem ͓15͔. The degeneracy of reversible systems is generally removed when the damping and forcing are taken into account. Here we have privileged a simple asymptotic limit which contains many of the phenomena observed in real experiments. Some important aspects are missing, nevertheless, as, for example, the damped oscillations generally observed near the laser threshold ͓5,9͔. A simple way to recover these important aspects consists in considering a more general asymptotic limit in which all damping coefficients are of the same order of the distance from threshold. Obviously these equations contain richer dynamical behaviors since they reduce to the amplitude equations discussed in this paper in the limit ␥ ʈ ϩӷ␥ Ќ .
III. CONCLUSION
We have reduced asymptotically the Maxwell-Bloch equation to a simple set of quadratic amplitude equations characterized by two parameters. This model allows us to study in detail the mechanism of the transition from traveling waves to alternating waves and the nature of the chaotic behaviors. The validity of the set of quadratic amplitude equations includes the class C laser, where we also have a qualitative agreement with the experiments ͓5͔.
